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On Some Exponential Sums Related to the
Coulter’s Polynomial
Minglong Qi, Shengwu Xiong, Jingling Yuan, Wenbi Rao, and Luo Zhong
Abstract
In this paper, the formulas of some exponential sums over finite field, related to the Coulter’s polynomial, are
settled based on the Coulter’s theorems on Weil sums, which may have potential application in the construction of
linear codes with few weights.
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I. INTRODUCTION
T
HROUGHOUT this paper, we fix the following notations:
• p is an odd prime, and q = pe with e a positive integer.
• α is a positive integer, and d = gcd(α, e).
• Fq denotes the Galois field with q elements, whose cyclic multiplicative group is F
∗
q .
• f(x) is the complex conjugate of the function f(x) over Fq, while f̂(x) is the same function but
with x ∈ Fp.
• Tr(x) is the absolute trace mapping from Fq onto Fp.
• ζp = e
2pi
√
−1
p .
Let a ∈ F∗q . C(x) = apαxp2α + ax ∈ Fq[x] is called the Coulter’s polynomial over Fq, based on which
is or not a permutation polynomial of Fq, and on how whose solution set is for a given b ∈ F∗q such
taht C(x) = −bpα , Coulter gave the evaluation of two exponential sums of type Weil [8], [9], which have
important applications in the coding theory, information security, and combinatorics, for instance see [5],
[7], [10]–[12].
Let a, c ∈ Fp, and b ∈ F∗q . The two exponential sums related to the Coulter’s polynomial, and to be
studied in this paper, are defined below.
Aα(a) =
∑
y∈F∗p
ζ−ayp
∑
x∈Fq
ζyTr(x
pα+1)
p , (1)
Bα(a, c) =
∑
y∈F∗p
∑
z∈F∗p
ζ−ay−czp
∑
x∈Fq
ζTr(yx
pα+1+zbx)
p . (2)
The algebraic evaluation of (1) and (2) is crucial in the determination of the cardinalities of some
subsets of Fq, which are involved in the construction of linear codes with few weights, especially by
using the generic method called defining set method, firstly introduced by Ding et al [1], [2], and much
studied later, see, for instance [4]–[7]. In this paper, we are concerned with the following two subsets of
Fq:
Dα(a) = {x ∈ Fq : Tr(xpα+1) = a}, (3)
Mα(a, c) = {x ∈ Fq : Tr(xpα+1) = a and Tr(bx) = c}. (4)
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2The subset (3) was used in [7] as the defining set for case e
d
being even. If both a = 0 and c = 0, the
defining set (3) may be made smaller by a factor p − 1, to derive the punctured version of the original
linear codes [2], [5].
The cardinalities of (3) and (4) are defined below:
nα(a) =
{
|Dα(a) ∪ {0}|, if a = 0,
|Dα(a)|, if a 6= 0,
(5)
and
Nα(a, c) = |Mα(a, c)|. (6)
In this paper, it is aimed at establishing the algebraic formulas to the exponential sums (1) and (2), and
then applying them to evaluate the cardinalities of the subsets (3) and (4), i.e., nα(a) and Nα(a, c), for
case e
d
being odd. The rest of the paper is organized as follows: in Section II, mathematical background
such as group characters, Gauss sum, and the Coulter’s formulae, is presented. The formulae for the
exponential sums (1) and (2), and for the set cardinalities (3) and (4), are given in Section III, along with
their proofs. Finally, a brief concluding remarks are given in Section IV.
II. MATHEMATICAL BACKGROUND
An additive character of Fq, χ, is a nonzero function from Fq to a set of nonzero complex numbers
such that for any pair (x, y) ∈ Fq × Fq, χ(x+ y) = χ(x)χ(y). In this paper, the complex conjugate of χ
is denoted by χ. For each b ∈ Fq, an additive character of Fq can be defined below
χb(c) = ζ
Tr(bc)
p , for all c ∈ Fq, (7)
where ζp = e
2pi
√
−1
p . In (7), when setting b = 0, the resultant character χ0 is said to be trivial since for
all c ∈ Fq, χ0(c) = 1. The character χ1 is called the canonical additive character. It was shown that any
additive character of Fq can be written as χb(x) = χ1(bx) [13, Chapter 5]. In this paper, the canonical
additive character is used and its subscript omitted.
The orthogonal property of the additive character over Fq is resumed in the following [13, Chapter 5]:∑
x∈Fq
χ(bx) =
{
q, if b = 0,
0, otherwise.
A multiplicative character ψ of Fq over F
∗
q is a nonzero function from F
∗
q to a set of nonzero complex
number such that for any (x, y) ∈ F∗q ×F∗q , ψ(xy) = ψ(x)ψ(y). Let θ be a primitive element of F∗q . Then,
any multiplicative character over F∗q can be written as
ψj(θ
k) = e2pi
√
−1jk/(q−1),
where 0 ≤ j, k ≤ q − 2. The multiplicative character ψ(q−1)/2 is called the quadratic character of Fq,
denoted by η. In this paper, suppose that η(0) = 0. With the canonical additive character and the quadratic
character, the quadratic Gauss sum over Fq can be defined by
G(η, χ) =
∑
x∈F∗q
η(x)χ(x). (8)
In order not to confuse with the complex conjugation, let χ̂ denote the canonical additive character
over Fp, and η̂ the quadratic character over Fp, respectively.
Lemma 2.1 ( [13], Theorem 5.15): Let the symbols be that presented before. Then,G(η, χ) = (−1)e−1
√−1
(p−1)2e
4
√
q,
G(η̂, χ̂) =
√−1
(p−1)2
4
√
p.
3In some situation, it is necessary to know what is the value of η(x) when x ∈ F∗p, which is answered
by the following lemma [5, Lemma 7]:
Lemma 2.2: Let the symbols be that presented before. Then,
η(x) =
{
1, if e is even,
η̂(x), if e is odd,
where x ∈ F∗p.
Next lemma [13, Theorem 5.33] gives the explicit evaluation of exponential sum of the quadratic
polynomial over finite field, f(x) = a2x
2 + a1x+ a0 ∈ Fq[x], with a2 6= 0:
Lemma 2.3: ∑
x∈Fq
χ(f(x)) = χ(a0 − a21(4a2)−1)η(a2)G(η, χ).
Recall that q = pe where p is an odd prime and e a positive integer, d = gcd(e, α). Let C(x) =
ap
α
xp
2α
+ ax ∈ Fq[x]. We call C(x) the Coulter’s polynomial, based on which is or not a permutation
polynomial over Fq, Coulter [9] completely determined the following Weil sum:
Sα(a, b) =
∑
x∈Fq
χ(axp
α+1 + bx), (9)
where a ∈ F∗q , b ∈ Fq.
The explicit formulae to evaluate (9) are resumed in the next two lemmas:
Lemma 2.4 ( [9],Theorem 1): Let q be odd and suppose C(x) is a permutation polynomial over Fq. Let
x0 be the unique solution of the equation C(x) = −bpα , b 6= 0. The evaluation of (9) partitions into the
following two cases.
(1) If e/d is odd then
Sα(a, b) =
{
(−1)e−1√qη(−a)χ(axpα+10 ) if p ≡ 1 (mod 4)
(−1)e−1√−13e√qη(−a)χ(axpα+10 ) if p ≡ 3 (mod 4).
(10)
(2) If e/d is even then e = 2m, a(q−1)/(p
d+1) 6= (−1)m/d and
Sα(a, b) = −(−1)m/dpmχ(axpα+10 ).
Lemma 2.5 ( [9],Theorem 2): Let q = pe be odd and suppose C(x) is not a permutation polynomial over
Fq. Then for b 6= 0 we have Sα(a, b) = 0 unless the equation C(x) = −bpα is solvable. If this equation is
solvable, with some solution x0 say, then
Sα(a, b) = −(−1)m/dpm+dχ(axpα+10 ).
To ease symbol manipulation, in this paper we define the following constant, relative to the formulae
to evaluate (9) when e
d
is odd:
κ =
{
(−1)e−1√q, if p ≡ 1 (mod 4),
(−1)e−1√−13e√q, if p ≡ 3 (mod 4). (11)
The following lemma that computes the constant in (11) is straightforward:
Lemma 2.6: Let the symbols be that of (11) and before, then
• If e = 2m, then
κ =
{
−pm, if p ≡ 1 (mod 4),
−(−1)mpm, if p ≡ 3 (mod 4). (12)
4• If e is odd, then
κ =
{
p
e
2 , if p ≡ 1 (mod 4),
−√−1ep e2 , if p ≡ 3 (mod 4). (13)
A special case of (9), Sα(a, 0) where a ∈ F∗q , was studied in [8], resumed in the following two lemmas:
Lemma 2.7 ( [8], Theorem 1): Let e
d
be odd. Then,
Sα(a, 0) =
{
(−1)e−1√qη(a), if p ≡ 1 (mod 4)
(−1)e−1√−1e√qη(a), if p ≡ 3 (mod 4).
Lemma 2.8 ( [8], Theorem 2): Let e
d
be even with e = 2m. Then,
Sα(a, 0) =

pm, if a(q−1)/(p
d+1) 6= (−1)m/d and m/d even,
−pm, if a(q−1)/(pd+1) 6= (−1)m/d and m/d odd,
pm+d, if a(q−1)/(p
d+1) = (−1)m/d and m/d odd,
−pm+d, if a(q−1)/(pd+1) = (−1)m/d and m/d even.
III. MAIN RESULTS AND THEIR PROOFS
This section is devoted to the presentation of the main results of this paper, and their proofs by using
the series of lemmas of the previous section. Lemma 3.1 and 3.2 compute the exponential sums (1) and
(2), respectively; while Theorem 3.1 and 3.2 explicitly give the set cardinalities of (3) and (4).
Lemma 3.1: Let q = pe where p is an odd prime and e a positive integer, a ∈ F∗p, and d = gcd(α, e).
Suppose e
d
to be odd. Then,
• if e is even with e = 2m, we have
Aα(0) =
{
−(p− 1)pm if p ≡ 1 (mod 4),
−(−1)m(p− 1)pm if p ≡ 3 (mod 4),
and
Aα(a) =
{
pm if p ≡ 1 (mod 4),
(−1)mpm if p ≡ 3 (mod 4).
• If e is odd, then
Aα(0) =
{
0 if p ≡ 1 (mod 4),
0 if p ≡ 3 (mod 4),
and
Aα(a) =
{
η̂(a)p
e+1
2 if p ≡ 1 (mod 4),
−√−1e+1η̂(a)p e+12 if p ≡ 3 (mod 4).
Proof: From Lemma 2.7 and (1), it is easy to obtain that
Aα(a) =
∑
y∈F∗p
ζ−ayp
∑
x∈Fq
ζyTr(x
pα+1)
p =
∑
y∈F∗p
ζ−ayp Sα(y, 0)
=
{∑
y∈F∗p ζ
−ay
p (−1)e−1
√
qη(y) if p ≡ 1 (mod 4),∑
y∈F∗p ζ
−ay
p (−1)e−1
√−1e√qη(y) if p ≡ 3 (mod 4).
(14)
• Let e be even with e = 2m. By Lemma 2.2, η(y) = 1 for all y ∈ F∗p. From (14), we have
Aα(a) =
{
−pm∑y∈F∗p ζ−ayp if p ≡ 1 (mod 4),
−(−1)mpm∑y∈F∗p ζ−ayp if p ≡ 3 (mod 4).
5If a 6= 0, by the orthogonal property of the additive character of Fq,
∑
y∈F∗p ζ
−ay
p = −1. Hence,
Aα(a) =
{
pm if p ≡ 1 (mod 4),
(−1)mpm if p ≡ 3 (mod 4).
If a = 0,
∑
y∈F∗p ζ
−ay
p = p− 1. Hence,
Aα(0) =
{
−pm(p− 1) if p ≡ 1 (mod 4),
−(−1)mpm(p− 1) if p ≡ 3 (mod 4).
• Let e be odd. By Lemma 2.2, η(y) = η̂(y) for all y ∈ F∗p. From (14) for a 6= 0, we have
Aα(a) =
{
η̂(a)p
e
2
∑
y∈F∗p ζ
−ay
p η̂(−ay) if p ≡ 1 (mod 4),
−√−1eη̂(a)p e2 ∑y∈F∗p ζ−ayp η̂(−ay) if p ≡ 3 (mod 4). (15)
In (15) is used the fact that η̂(−1) = 1 if p ≡ 1 (mod 4), and η̂(−1) = −1 if p ≡ 3 (mod 4) [15].
It is clear that
∑
y∈F∗p ζ
−ay
p η̂(−ay) = G(η̂, χ̂). By Lemma 2.1, G(η̂, χ̂) =
√
p if p ≡ 1 (mod 4), and
G(η̂, χ̂) =
√−p if p ≡ 3 (mod 4). Combining so far the mentioned fact and identities, and (15), we
can obtain
Aα(a) =
{
η̂(a)p
e+1
2 if p ≡ 1 (mod 4),
−√−1e+1η̂(a)p e+12 if p ≡ 3 (mod 4).
In (14), set a = 0 and η(y) = η̂(y). It is easy to see that Aα(0) = 0 for both p ≡ 1 (mod 4) and
p ≡ 3 (mod 4), since ∑y∈F∗p η̂(y) = 0.
Lemma 3.2: Let q = pe where p is an odd prime and e a positive integer, and d = gcd(α, e). In addition,
suppose e
d
to be odd. For the given b ∈ F∗q , let γ be the unique solution of f(x) = xp2α + x = −bpα .
Case 1 a = c = 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Bα(0, 0) =
{
−pm(p− 1)2, if Tr(γpα+1) = 0,
pm(p− 1), if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Bα(0, 0) =
{
−(−1)mpm(p− 1)2, if Tr(γpα+1) = 0,
(−1)mpm(p− 1), if Tr(γpα+1) 6= 0.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Bα(0, 0) =
{
0, if Tr(γp
α+1) = 0,
η̂(Tr(γp
α+1))p
e+1
2 (p− 1), if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Bα(0, 0) =
{
0, if Tr(γp
α+1) = 0,
−(√−1)e+1η̂(Tr(γpα+1))p e+12 (p− 1), if Tr(γpα+1) 6= 0.
Case 2 a = 0, c 6= 0.
• Let e be even with e = 2m.
6– If p ≡ 1 (mod 4), then
Bα(0, c) =
{
pm(p− 1), if Tr(γpα+1) = 0,
−pm, if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Bα(0, c) =
{
(−1)mpm(p− 1), if Tr(γpα+1) = 0,
−(−1)mpm, if Tr(γpα+1) 6= 0.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Bα(0, c) =
{
0, if Tr(γp
α+1) = 0,
−η̂(Tr(γpα+1))p e+12 , if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Bα(0, c) =
{
0, if Tr(γp
α+1) = 0,√−1e+1η̂(Tr(γpα+1))p e+12 , if Tr(γpα+1) 6= 0.
Case 3 a 6= 0, c = 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Bα(a, 0) =
{
pm(p− 1), if Tr(γpα+1) = 0,
−(1 + pη̂(aTr(γpα+1)))pm, if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Bα(a, 0) =
{
(−1)mpm(p− 1), if Tr(γpα+1) = 0,
−(−1)m(1− pη̂(aTr(γpα+1)))pm, if Tr(γpα+1) 6= 0.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Bα(a, 0) =
{
η̂(a)(p− 1)p e+12 , if Tr(γpα+1) = 0,
−(η̂(a) + η̂(Tr(γpα+1)))p e+12 , if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Bα(a, 0) =
{
−√−1e+1η̂(a)(p− 1)p e+12 , if Tr(γpα+1) = 0,√−1e+1(η̂(a) + η̂(Tr(γpα+1)))p e+12 , if Tr(γpα+1) 6= 0.
Case 4 ac 6= 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Bα(a, c) =

−pm, if Tr(γpα+1) = 0,
−pm, if Tr(γpα+1) = c2/(4a),
−(1 + pη̂(c2 − 4aTr(γpα+1)))pm, otherwise.
7– If p ≡ 3 (mod 4), then
Bα(a, c) =

−(−1)mpm, if Tr(γpα+1) = 0,
−(−1)mpm, if Tr(γpα+1) = c2/(4a),
−(−1)m(1 + pη̂(c2 − 4aTr(γpα+1)))pm, otherwise.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Bα(a, c) =

−η̂(a)p e+12 , if Tr(γpα+1) = 0,
(η̂(Tr(γp
α+1))(p− 1)− η̂(a))p e+12 , if Tr(γpα+1) = c2/(4a),
−(η̂(Tr(γpα+1)) + η̂(a))p e+12 , otherwise.
– If p ≡ 3 (mod 4), then
Bα(a, c) =

√−1e+1η̂(a)p e+12 , if Tr(γpα+1) = 0,
−√−1e+1(η̂(Tr(γpα+1))(p− 1)− η̂(a))p e+12 , if Tr(γpα+1) = c2/(4a),√−1e+1(η̂(Tr(γpα+1)) + η̂(a))p e+12 , otherwise.
Proof: We only prove Case ac 6= 0 since the proofs of other cases are similar and easier. Since e
d
is odd, f(x) = xp
2α
+ x = 0 has no solution in F∗q , and is a permutation polynomial over Fq [8], [9],
[14]. Hence, for the given b ∈ F∗q , the equation f(x) = −bpα has an unique solution in F∗q . Denote the
unique solution as γ, and let y, z ∈ F∗p. It is easy to see that y−1γz is the unique solution of the equation
yp
α
xp
2α
+ yx = −(bz)pα . From (10) and (11), we have
Sα(y, bz) = κη(−y)χ(y(y−1γz)pα+1)
= κη(−y)χ(y−1γpα+1z2)
= κη(−y)ζ−y−1z2Tr(γpα+1)p .
(16)
From the definition of Bα(a, c) in (2), and (16), we have
Bα(a, c) =
∑
y∈F∗p
∑
z∈F∗p
ζ−ay−czp
∑
x∈Fq
χ(yxp
α+1 + bzx)
=
∑
y∈F∗p
∑
z∈F∗p
ζ−ay−czp Sα(y, bz)
=
∑
y∈F∗p
∑
z∈F∗p
ζ−ay−czp κη(−y)ζ−y
−1z2Tr(γp
α+1)
p
= κ
∑
y∈F∗p
η(−y)ζ−ayp
∑
z∈F∗p
ζ−y
−1Tr(γp
α+1)z2−cz
p .
(17)
If Tr(γp
α+1) = 0, then, from the last equality of (17), we have
Bα(a, c) = κ
∑
y∈F∗p
η(−y)ζ−ayp
∑
z∈F∗p
ζ−czp
= −κ
∑
y∈F∗p
η(−y)ζ−ayp .
(18)
Recall that the Gauss sum over F∗p, G(η̂, χ̂), is equal to
√
p if p ≡ 1 (mod 4), and √−p if p ≡ 3
(mod 4) (see Lemma 2.1). The values of the constant occurring in the Coulter’s formulae (10) are explicitly
listed in (12) and (13) to ease computation.
8For Tr(γp
α+1) = 0, two cases are distinguished:
• Let e be even with e = 2m. From Lemma 2.2, η(−y) = 1. Thus, (18) becomes
Bα(a, c) = −κ
∑
y∈F∗p
ζ−ayp
= κ
=
{
−pm if p ≡ 1 (mod 4),
−(−1)mpm if p ≡ 3 (mod 4).
(19)
• Let e be odd. From Lemma 2.2, η(−y) = η̂(−y). Thus, (18) becomes
Bα(a, c) = κ
∑
y∈F∗p
η(−y)ζ−ayp
∑
z∈F∗p
ζ−czp
= −κ
∑
y∈F∗p
η̂(−y)ζ−ayp
= −κη̂(a)
∑
y∈F∗p
η̂(−ay)ζ−ayp
= −κη̂(a)G(η̂, χ̂)
=
{
−η̂(a)p e+12 if p ≡ 1 (mod 4),√−1e+1η̂(a)p e+12 if p ≡ 3 (mod 4).
(20)
Now, suppose that Tr(γp
α+1) 6= 0. Following the last equality of (17), we have
Bα(a, c) = κ
∑
y∈F∗p
η(−y)ζ−ayp
∑
z∈F∗p
ζ−y
−1Tr(γp
α+1)z2−cz
p
= κ
∑
y∈F∗p
η(−y)ζ−ayp (
∑
z∈Fp
ζ−y
−1Tr(γp
α+1)z2−cz
p − 1).
(21)
By applying Lemma 2.3 to the sum
∑
z∈Fp ζ
−y−1Tr(γpα+1)z2−cz
p in (21) with a2 = −y−1Tr(γpα+1), a1 =
−c, and a0 = 0, we obtain ∑
z∈Fp
ζ−y
−1Tr(γp
α+1)z2−cz
p
=
∑
z∈Fp
χ̂(−y−1Tr(γpα+1)z2 − cz)
= χ̂(
c2y
4Tr(γpα+1)
)η̂(
−Tr(γpα+1)
y
)G(η̂, χ̂)
= η̂(Tr(γp
α+1))G(η̂, χ̂)η̂(−y)ζ
c2y
4Tr(γp
α+1)
p .
(22)
Substitute the last equality of (22) into (21), we have
Bα(a, c) = κ
∑
y∈F∗p
η(−y)ζ−ayp (η̂(Tr(γp
α+1))G(η̂, χ̂)η̂(−y)ζ
c2y
4Tr(γp
α+1)
p − 1)
= κη̂(Tr(γp
α+1))G(η̂, χ̂)
∑
y∈F∗p
η(−y)η̂(−y)ζ
(c2−4aTr(γp
α+1))y
4Tr(γp
α+1)
p − κ
∑
y∈F∗p
η(−y)ζ−ayp .
(23)
9Consider case Tr(γp
α+1) = c2/(4a). Then, from (23), we get
Bα(a, c) = κη̂(Tr(γ
pα+1))G(η̂, χ̂)
∑
y∈F∗p
η(−y)η̂(−y)− κ
∑
y∈F∗p
η(−y)ζ−ayp (24)
For Tr(γp
α+1) = c2/(4a), two cases are distinguished:
• Let e be even with e = 2m. From Lemma 2.2, η(−y) = 1. Thus, (24) becomes
Bα(a, c) = κη̂(Tr(γ
pα+1))G(η̂, χ̂)
∑
y∈F∗p
η̂(−y)− κ
∑
y∈F∗p
ζ−ayp
= κη̂(Tr(γp
α+1))G(η̂, χ̂) · 0− κ · (−1)
= κ
=
{
−pm if p ≡ 1 (mod 4),
−(−1)mpm if p ≡ 3 (mod 4).
(25)
• Let e be odd. From Lemma 2.2, η(−y) = η̂(−y). Thus, (24) becomes
Bα(a, c) = κη̂(Tr(γ
pα+1))G(η̂, χ̂)
∑
y∈F∗p
η̂(−y)η̂(−y)− κ
∑
y∈F∗p
η̂(−y)ζ−ayp
= κη̂(Tr(γp
α+1))G(η̂, χ̂)
∑
y∈F∗p
1− κη̂(a)
∑
y∈F∗p
η̂(−ay)ζ−ayp
= κη̂(Tr(γp
α+1))G(η̂, χ̂)(p− 1)− κη̂(a)G(η̂, χ̂)
= κG(η̂, χ̂)(η̂(Tr(γp
α+1))(p− 1)− η̂(a))
=
{
(η̂(Tr(γp
α+1))(p− 1)− η̂(a))p e+12 if p ≡ 1 (mod 4),
−√−1e+1(η̂(Tr(γpα+1))(p− 1)− η̂(a))p e+12 if p ≡ 3 (mod 4).
(26)
Now consider the most general case in (23): Tr(γp
α+1) 6= 0 and Tr(γpα+1) 6= c2/(4a). Two cases must
be dealt with:
• Let e be even with e = 2m. From Lemma 2.2, η(−y) = 1. Thus, (23) becomes
Bα(a, c) = κη̂(Tr(γ
pα+1))G(η̂, χ̂)
∑
y∈F∗p
η̂(−y)ζ
(c2−4aTr(γp
α+1))y
4Tr(γp
α+1)
p − κ
∑
y∈F∗p
ζ−ayp
= κη̂(−(c2 − 4aTr(γpα+1)))G(η̂, χ̂)
∑
y∈F∗p
η̂(
(c2 − 4aTr(γpα+1))y
4Tr(γpα+1)
)ζ
(c2−4aTr(γp
α+1))y
4Tr(γp
α+1)
p − κ · (−1)
= κη̂(−(c2 − 4aTr(γpα+1)))G(η̂, χ̂)2 + κ
= κ(1 + η̂(−(c2 − 4aTr(γpα+1)))G(η̂, χ̂)2)
=
{
−pm(1 + η̂(c2 − 4aTr(γpα+1))p) if p ≡ 1 (mod 4),
−(−1)mpm(1 + η̂(c2 − 4aTr(γpα+1))p) if p ≡ 3 (mod 4).
(27)
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• Let e be odd. From Lemma 2.2, η(−y) = η̂(−y). Thus, (23) becomes
Bα(a, c) = κη̂(Tr(γ
pα+1))G(η̂, χ̂)
∑
y∈F∗p
η̂(−y)2ζ
(c2−4aTr(γp
α+1))y
4Tr(γp
α+1)
p − κ
∑
y∈F∗p
η̂(−y)ζ−ayp
= κη̂(Tr(γp
α+1))G(η̂, χ̂)
∑
y∈F∗p
ζ
(c2−4aTr(γp
α+1))y
4Tr(γp
α+1)
p − κη̂(a)
∑
y∈F∗p
η̂(−ay)ζ−ayp
= κη̂(Tr(γp
α+1))G(η̂, χ̂) · (−1)− κη̂(a)G(η̂, χ̂)
= −κG(η̂, χ̂)(η̂(Tr(γpα+1)) + η̂(a))
=
{
−(η̂(Tr(γpα+1)) + η̂(a))p e+12 if p ≡ 1 (mod 4),√−1e+1(η̂(Tr(γpα+1)) + η̂(a))p e+12 if p ≡ 3 (mod 4).
(28)
The proof is completed by gathering the results of (19)-(20) and (25)-(28).
The following theorem determines the cardinality of the subset (3), i.e., nα(a) of (5):
Theorem 3.1: Let q = pe where p is an odd prime and e a positive integer, and d = gcd(α, e). In
addition, suppose e
d
to be odd. Then, nα(a) with a ∈ Fp of (5), can be determined as follows:
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then {
nα(0) = p
e−1 − (p− 1)pm−1,
nα(a) = p
e−1 + pm−1.
– If p ≡ 3 (mod 4), then {
nα(0) = p
e−1 − (−1)m(p− 1)pm−1,
nα(a) = p
e−1 + (−1)mpm−1.
• Let e be odd.
– If p ≡ 1 (mod 4), then {
nα(0) = p
e−1,
nα(a) = p
e−1 + η̂(a)p
e−1
2 .
– If p ≡ 3 (mod 4), then {
nα(0) = p
e−1,
nα(a) = p
e−1 − (√−1)e+1η̂(a)p e−12 .
Where a ∈ F∗p.
Proof: From (5), we have
nα(a) =
1
p
∑
x∈Fq
(∑
y∈Fp
ζy(Tr(x
pα+1)−a)
p
)
= pe−1 +
1
p
∑
y∈F∗p
ζ−ayp
∑
x∈Fq
ζyTr(x
pα+1)
p
= pe−1 + p−1Aα(a).
(29)
The actual theorem can be easily proven by combining (29) and the formulae of Aα(a) in Lemma 3.1.
Next theorem lists the formulae that compute the cardinality of the set (4), i.e., Nα(a, c) of (6):
Theorem 3.2: Let q = pe where p is an odd prime and e a positive integer, and d = gcd(α, e). In addition,
suppose e
d
to be odd. For the given b ∈ F∗q , let γ be the unique solution of f(x) = xp2α + x = −bpα .
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Case 1 a = 0, c = 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Nα(0, 0) =
{
pe−2 − (p− 1)pm−1, if Tr(γpα+1) = 0,
pe−2, if Tr(γp
α+1) 6= 0.
– If p ≡ 3 (mod 4), then
Nα(0, 0) =
{
pe−2 − (−1)m(p− 1)pm−1, if Tr(γpα+1) = 0,
pe−2, if Tr(γp
α+1) 6= 0.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Nα(0, 0) =
{
pe−2, if Tr(γp
α+1) = 0,
pe−2 + η̂(Tr(γp
α+1))(p− 1)p e−32 , if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Nα(0, 0) =
{
pe−2, if Tr(γp
α+1) = 0,
pe−2 − (√−1)e+1η̂(Tr(γpα+1))(p− 1)p e−32 , if Tr(γpα+1) 6= 0.
Case 2 a = 0, c 6= 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Nα(0, c) =
{
pe−2, if Tr(γp
α+1) = 0,
pe−2 − pm−1, if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Nα(0, c) =
{
pe−2, if Tr(γp
α+1) = 0,
pe−2 − (−1)mpm−1, if Tr(γpα+1) 6= 0.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Nα(0, c) =
{
pe−2, if Tr(γp
α+1) = 0,
pe−2 − η̂(Tr(γpα+1))p e−32 , if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Nα(0, c) =
{
pe−2, if Tr(γp
α+1) = 0,
pe−2 + (
√−1)e+1η̂(Tr(γpα+1))p e−32 , if Tr(γpα+1) 6= 0.
Case 3 a 6= 0, c = 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Nα(a, 0) =
{
pe−2 + pm−1, if Tr(γp
α+1) = 0,
pe−2 − η̂(aTr(γpα+1))pm−1, if Tr(γpα+1) 6= 0.
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– If p ≡ 3 (mod 4), then
Nα(a, 0) =
{
pe−2 + (−1)mpm−1, if Tr(γpα+1) = 0,
pe−2 + (−1)mη̂(aTr(γpα+1))pm−1, if Tr(γpα+1) 6= 0.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Nα(a, 0) =
{
pe−2 + η̂(a)p
e−1
2 , if Tr(γp
α+1) = 0,
pe−2 − η̂(Tr(γpα+1))p e−32 , if Tr(γpα+1) 6= 0.
– If p ≡ 3 (mod 4), then
Nα(a, 0) =
{
pe−2 − (√−1)e+1η̂(a)p e−12 , if Tr(γpα+1) = 0,
pe−2 + (
√−1)e+1η̂(Tr(γpα+1))p e−32 , if Tr(γpα+1) 6= 0.
Case 4 ac 6= 0.
• Let e be even with e = 2m.
– If p ≡ 1 (mod 4), then
Nα(a, c) =

pe−2, if Tr(γp
α+1) = 0,
pe−2, if Tr(γp
α+1) = c2/(4a),
pe−2 − η̂(c2 − 4aTr(γpα+1))pm−1, otherwise.
– If p ≡ 3 (mod 4), then
Nα(a, c) =

pe−2, if Tr(γp
α+1) = 0,
pe−2, if Tr(γp
α+1) = c2/(4a),
pe−2 − (−1)mη̂(c2 − 4aTr(γpα+1))pm−1, otherwise.
• Let e be odd.
– If p ≡ 1 (mod 4), then
Nα(a, c) =

pe−2, if Tr(γp
α+1) = 0,
pe−2 + η̂(Tr(γp
α+1))(p− 1)p e−32 , if Tr(γpα+1) = c2/(4a),
pe−2 − η̂(Tr(γpα+1))p e−32 , otherwise.
– If p ≡ 3 (mod 4), then
Nα(a, c) =

pe−2, if Tr(γp
α+1) = 0,
pe−2 − (√−1)e+1η̂(Tr(γpα+1))(p− 1)p e−32 , if Tr(γpα+1) = c2/(4a),
pe−2 + (
√−1)e+1η̂(Tr(γpα+1))p e−32 , otherwise.
Proof: From the definition of Nα(a, c) in (6), it is easy to see that
Nα(a, c) = p
−2
∑
x∈Fq
(∑
y∈Fp
ζy(Tr(x
pα+1)−a)
p
)(∑
z∈Fp
ζz(Tr(bx)−c)p
)
= p−2
∑
x∈Fq
(
1 +
∑
y∈F∗p
ζy(Tr(x
pα+1)−a)
p
)(
1 +
∑
z∈F∗p
ζz(Tr(bx)−c)p
)
= pe−2 + p−2
∑
y∈F∗p
∑
x∈Fq
ζy(Tr(x
pα+1)−a)
p + p
−2
∑
z∈F∗p
∑
x∈Fq
ζz(Tr(bx)−c)p
+ p−2
∑
y∈F∗p
∑
z∈F∗p
∑
x∈Fq
ζTr(yx
pα+1+zbx)−ay−cz
p
= pe−2 + p−2Aα(a) + p
−2Bα(a, c).
(30)
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The actual theorem can be proven by substituting the formulae of both Aα(a) and Bα(a, c) from Lemma
3.1 and 3.2 into the last equality of (30).
IV. CONCLUDING REMARKS
In this paper, two exponential sums over finite field related to the Coulter’s polynomial, and the
cardinalities of two subsets of Fq, are settled for case
e
d
odd, that may have potential application in
the construction of linear codes with few weights.
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